We present a scheme for unfolding electronic bands of interfaces, in which the wavefunctions of a supercell are projected on to the k point in the Brillouin zone of the corresponding primitive cell. An integration over the k-projected wavefunctions in a spatial window is performed to obtain the band structure of the selected system. To accelerate the calculation a combination of fast Fourier transform and back fast Fourier transform is used for the integration instead of a straightforward integration over the plane-waves. We then apply the method to investigate the effects of interfacing in three heterostructures, graphene bilayer on H-saturated SiC(0001), BAs monolayer on ferromagnetic semiconductor CrI3 monolayer and silicene on Ag(111). Our results reveal that the band structure of graphene bilayer is strongly dependent on the termination of SiC(0001). It can be neutral with its band structure slightly disturbed by the Si-face or n-doped with a gap opening of as large as 0.13 eV induced by the electric dipole in the interface with the C-face. For BAs/CrI3, the magnetic proximity effect can effectively induce a spin splitting up to about 50 meV in BAs. For silicene/Ag(111), our calculations well reproduce the angle-resolved photoemission spectroscopy results. Our results find that the dispersions like a half Dirac cone on the edge of the first Brillouin zone of Ag (111) results from the interaction between the silicene overlayer and the substrate, but demonstrate that they are not Dirac states.
I. INTRODUCTION
Over the past decades doping has served as an important way of tailoring electronic properties of materials as well as exploring novel physical phenomena, such as doping Mott insulators to obtain high Tc superconductors, 1 doping Ge by Sn to obtain direct semiconductors, 2 realizing quantum anomalous Hall effect in topological insulators by doping magnetic impurities 3, 4 and so on. As the thickness of a material approaches to the atomic limit, the interface between the material and the substrate plays a critical role in determining its geometric structure and electronic properties. The research of interface effects has grown exponentially as the discoveries of graphene and transition-metal dichalcogenides (TMDs) monolayers. For instance, magnetic proximity effect has been used to manipulate spin polarization, spin-valley polarization and explore quantum anomalous Hall effect in the monolayers by placing them onto the surface of magnetic semiconductors. [5] [6] [7] [8] [9] [10] [11] The research has been further expanded by van der Waals (vdW) heterostructures, which enables us to design materials with properties distinct from the constituents along.
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First-principles calculations have played an important role in understanding the effects of doping and interfacing on the electronic structures of materials. Generally, there are two types of methods for modeling doping. One is the virtual crystal approximation (VCA) 13 and the coherent potential approximation (CPA) 14 and the other one is the supercell method. However, for dopants significantly different from the host material such as magnetic impurities vs non-magnetic host, the supercell method may be better in accounting for the effects of the environment by performing self-consistent calculations. However, the use of supercells causes band folding, which hides the nature of the band structure for the host material. For interfaces the supercell method is apparently superior to the VCA and CPA. Generally there is a large lattice mismatch between the two constituents, the geometric structure used for modeling has to be a large cell, which is simultaneously a supercell of both. Therefore, band foldings can be expected in interfaces/heterostructures when the supercell method is used, requiring a band unfolding technique to uncover the nature of the band structure.
Up to date, a number of strategies have been developed to unfold electronic bands from supercell calculations, either based on plane-wave methods or tight-binding methods. [15] [16] [17] [18] [19] [20] [21] Ref. 15 was given as an early example of the availability and application of the k-projection method in "modern" electronic structure codes where the folding relationship between the simple cubic Cu 3 Au and fcc Cu lattices was discussed. The tight-binding method, especially parameterized by Wannier functions and atomic orbitals from first-principles calculations, is good for the calculations on a dense k grid such as the Fermi surface of the unfolded band structure. However, it can be quite tricky to get a good fitting with the Wannier functions to the ab initio calculations, especially for interfaces with a huge number of atoms. For bulk systems working band unfolding based on planewaves is simple. However, for interfaces it may be timeconsuming if one directly does a partial integration over the projected wavefunctions to separate contributions of the overlayer and the substrate. We developed the layer k-projection method to accelerate the computation, which allows us to study the band structure in any space we are interested in. 16, 22 This method is not only useful for understanding results from angle-resolved photoemission spectroscopy (ARPES) experiments, 23, 24 but also helpful for understanding scanning tunneling microscopy/spectroscopy (STM/STS) results by examining the wavefunctions in vacuum. 25 In this paper, we present details of the method and its applications in interfaces.
The paper is organized as follows. In Section II, we discuss a band unfolding technique called the k-projection method and computational details of density-functional theory (DFT) calculations. In Section III, we present applications of the method in three interface structures, graphene bilayer (gr-2L) on H-saturated SiC(0001), BAs monolayer on ferromagnetic semiconductor Cr 3 I monolayer, and silicene on Ag(111), aiming at revealing the effects of interfacing on the band structures of the monolayers.
II. METHOD AND COMPUTATIONAL DETAILS
By the group theory one can project out the wavefunctions for the primitive cell from the supercell calculations using the projection operator defined by the translation operator and corresponding irreducible representation for the primitive cell
whereT tp is the translation operator corresponding to the translation t p with the character χ kp (t p ) = e ik·t , and where the set {t} of order h corresponds to the translations associated with the primitive cell defined by direct and reciprocal lattice vectors a i and b j , respectively. The projection of a function ψ that transforms as the irreducible representation of the translation group labeled by k is given by
In practice, ψ is most often a wave function calculated at k s of a supercell (defined by lattice vectors A i and B j ), and ψ kp is the projection on to the primitive cell.
(The projection may be on to an even smaller one, as for example, in the case of Cu 3 Au 15 where the unit cell is simple cubic, but an fcc "primitive" cell is used to obtain describe the Cu bands.)
(2) The sum over t p is a Fourier transform, which requires that
Since k p is not confined in the 1st BZ, thus it can be written as
Substituting Eq.4 back into Eq.3 one has
with a i · b j = δ ij . Essentially the problem is to determine which k p a plane wave e iG·r belongs to, i.e., for integers M i and m j , determining the fractional part κ j that defines k p of the primitive cell relative to k s of the supercell.
For an ideal supercell, this decomposition is exact since it is a simple consequence of translational symmetry and recovers the primitive band structure with | ψ ks |ψ kp | 2 = 1 or 0; for defect systems and interfaces, the norm will be between zero and one.
The above scheme can be easily implemented for doped bulk systems. However, for interfaces, the two constituents may be in different supercells. If one performs the k-projection for wavefunctions over the whole space for one constituent, contributions by the other one are involved. Such an operation may retain folded bands for the undesired systems in the k-projection band structure. By realizing that the wavefunctions near one constituent are dominated by itself, we can separate the contributions for both by an integration over the k-projected wavefunctions in a desired spatial window instead of over the whole space. In principles, this can be done by a straightforward integration
(5) However, such a calculation involving double summation can be extremely time-consuming for interfaces with a large number of atoms. Because the number of plane waves is huge. Instead of doing the integration directly, we use an algorithm that combines the fast Fourier transform (FFT) and back FFT. More specifically, we first perform FFT calculations for the k-projected wavefunction, which transforms the wavefunctions into the r represention
Then we do a back FFT for ψ * kp (r)ψ kp (r), which brings it into the g-presentation. In this way, we now have successfully transformed the double summation in Eq.5 into a single summation over g
The above scheme significantly reduces the computation on the scaling from N 2 in Eq.5 to NlogN. Prior to the band unfolding, we carried out DFT calculations using the Vienna Ab Initio Simulation Package.
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The pseudopotentials were constructed by the projector augmented wave method 27, 28 . Van der Waals dispersion forces between the adsorbate and the substrate were accounted for through the optPBE-vdW functional by using the vdW-DF method developed by Klimeš and Michaelides 29, 30 . The interface structure is modeled in terms of a slab, which is separated from its periodic images by 10Åvacuum regions. For gr-2L/SiC(0001), the slab is composed of a √ 3 × √ 3 supercell of Hsaturated SiC(0001) and a 2 × 2 supercell of the gr-2L. For BAs/CrI 3 , it consists of a 2 × 2 supercell of BAs and a 1 × 1 unit cell of CrI 3 . For silicene/Ag(111) a 3 × 3 supercell of silicene has a small lattice mismatch with a 4 × 4 supercell of Ag(111). To avoid artificial interactions between the polar slabs, two such slabs, oppositely oriented with mirror symmetry, are placed in each supercell for gr-2L/SiC(0001) and BAs/CrI 3 . While for silicene/Ag(111) the overlayers are symmetrically placed on both sides of the substrate. To sample the surface BZs a 12 × 12 Gamma-centered Monkhorst-Pack k-point mesh was used for gr-2L/SiC(0001), 15 × 15 for BAs/CrI 3 , and 6 × 6 for silicene/Ag(111), respectively. Plane-wave energy cutoffs of 700 eV, 350 eV, 240 eV were used for the electronic structure calculations of the above three interfaces, respectively.
III. APPLICATIONS IN INTERFACES
A. Effects of electric field from substrate:
graphene bilayer on 6H-SiC
We first applied the method to gr-2L/SiC(0001). 6H-SiC has two different terminations at (0001) surface, Siand C-faces. Therefore, there are two different types of interface structures for Gr-2L/SiC(0001). In our models, the two faces are saturated by H. This consideration is based on the fact that experiments often use H to passivate the interfaces between graphene layers and SiC(0001) surfaces.
31-33 Fig. 1(b) shows the band structure for gr-2L on the Si-face along the high symmetry lines in the BZ of the 2 × 2 gr-2L. Since the bands for the gr-2L and the substrate mix together, bands weighted by contributions of the gr-2L may be favorable for studying details of the band structure ( Fig. 1(c) ). For instance, it allows us investigating effects of the substrate on the band structure for the gr-2L. Although the bands at K sc looks similar to those for the free-standing gr-2L, the whole band structure shows significant differences. In particular, there is a large difference in the band structure at Γ. That is, the gap between the valence band and the conduction band shown in Fig. 1(c) is only half of that observed for the free-standing gr-2L (3.0 eV vs 6.5 eV). This difference is due to band foldings caused by the use of the 2 × 2 supercell. Fig. 1(g) shows that the M point (in blue) in the first BZ of the 1 × 1 unit cell of gr-2L is out of the first BZ of the supercell and located at the Γ point of the neighboring BZ. Therefore, the bands at M of the primitive cell will fold back to Γ in the band structure for the supercell. Because of the foldings the band structure along the high symmetry lines of the 1 × 1 unit cell ( Fig. 1(d) ) as well as the one weighted by the gr-2L but without unfolding (Fig. 1 (e) ) look different from that for the 1 × 1 gr-2L. Unfolded band structure for the gr-2L was obtained by projecting the wavefunctions of the supercell in the spatial window W onto the k-points in the BZ of the 1 × 1 unit cell. The results are shown in Fig. 1(f) . The unfolded band structure now looks similar to that for the free-standing 1 × 1 gr-2L, which makes discussions of the effects of the substrate on the band structure of gr-2L convenient. For instance, the mini gaps interupting the valence bands indicate the effect of the hybridization between the states of the gr-2L and SiC(0001).
Figures 2(a) and (b) respectively show the zoom-in band structures around the K point for gr-2L on the Siface and C-face of SiC(0001). Fig. 2(a) indicates that the Si-terminated surface has minor effects on the band structure of gr-2L. Because the profile of the bands is pretty much similar to that for the free-standing gr-2L. The gap at K caused by symmetry breaking due to the presence of the substrate is less than about 10 meV. The Fermi level is located in the middle of the gap. While Fig. 2(b) indicates that the gr-2L is n-doped with the Fermi level located at about 0.3 eV above the gap. Remarkably, the gap opening caused by the C-face is about 0.13 eV, one order of magnitude larger than that for the Si-face. Fig. 2(c) depicts the band alignment of free-standing gr-2L and SiC(0001). The Dirac point lies in the gap of the Si-face when their bands align, which, however, lies below the valence band of the C-face. Thus, the Fermi level can be expected to cross the Dirac point of the gr-2L when it is deposited onto the Si-face. For the C-face it is expected to dope electrons to the gr-2L when they are bound together based on the band alignment. Since they interact via a vdW-type bonding, charge transfer between them should be rather small. Thus, the large gap opening and shifting of the Fermi level may be attributed to the electric dipole present at the interface. Fig. 2(d) shows the plane-averaged charge density difference for gr-2L on the two different faces. Indeed, there is a much larger charge polarization in gr-2L on the C-face than on the Si-face, indicating a stronger electric effect on gr-2L by the C-face than the Si-face.
Our calculations can help understand the ARPES experimental results reported by Ref. 32 , which found that for the epitaxially grown graphene bilayer on SiC(0001) a band shift of about 0.3 eV with n-doping caused by the substrate. In addition, a band gap of about 0.1 eV was observed. Our results agree well with the ARPES experiments in both the band shift and the band gap, indicating that the gr-2Ls were most likely grown on a C-terminated SiC(0001). Moreover, our results suggest that the strong electric field from the substrate can be used to tune the band structure of gr-2L.
B. Magnetic proximity effect in BAs/CrI3
BAs was recently predicted to own intriguing properties, i.e., a hexagonal structure with a direct gap of about 1.1 eV at the K point and a high mobility comparable to that of graphene.
34 Generating spin-splittings in this system may be useful for design spintronic devices in future applications. For such a purpose using magnetic semiconductors to induce spin splittings via magnetic proximity effect has several advantages over doping magnetic atoms. Because this way not only gives rise to a sharp interface favoring preserving the atomic structure of the overlayer, but also makes the manipulation easily controllable. Due to the above considerations, magnetic proximity effect has been used to successfully realize large spin-exchange splittings and anomalous Hall effect in graphene.
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We propose to generate spin-exchange splittings in BAs by making use of the magnetic proximity effect. The newly discovered ferromagnetic semiconductor CrI 3 monolayer was used as the substrate. Its unit cell forms vdW heterostructures with a 2 × 2 supercell of BAs. We have examined three configurations for BAs/CrI 3 , which were obtained by shifting BAs along the [-110] direction. The geometric structures are shown in Fig. 3 , which are referred to as S1, S2, S3, respectively. DFT calculations find that S3 has the lowest energy, which is about 9 meV per BAs unit cell lower than S1. Layer distances between BAs and CrI 3 monolayers are in the range of 3.80Åand 3.95Å. Unfolded band structures for BAs were obtained by projecting the supercell wavefunctions in BAs onto the k-points in 1 × 1 BAs. Fig. 3 shows that the spin splittings are configuration-dependent. The spin split- tings in the valence bands are negligibly small for S1 and S3. However, they are about 50 meV and 25 meV in the conduction bands for S1 and S3, respectively. The spinsplitting for S1 is even larger than the calculated value for graphene/EuO(111), where the layer distance (2.57 A) is much smaller than that for BAs/CrI 3 . Therefore, a large spin-exchange splitting can be effectively obtained in BAs via magnetic proximity effect in vdW heterostructures.
C. Interaction induced interface states: silicene on Ag(111)
Silicene on Ag(111) has received much attention during the past few years. Unfortunately, it was found that the strong interaction between them distroys the Dirac states in silicene. 22, 35, 36 However, recently an ARPES study observed that there are six pairs of half Dirac cones below the Fermi level on the edges of the first BZ of Ag (111), other than at the K points of 1 × 1 silicene. 37 This observation led to the claim that Dirac cones exist in this system near the edge of the BZ, which were attributed to the interaction of the overlayer and the substrate. To clarify if there exist Dirac states as claimed, we have performed DFT calculations for the system to understand the ARPES results. Layer k-projection calculations were carried out to understand how the interaction between silicene and Ag(111) affects the electronic bands. Fig. 4(b) shows the BZs of the 1 × 1 and 4 × 4 Ag(111). Cuts A and B are the high symmetry lines for ARPES experiments and our k-projection calculations.
Since we have learned that previously the linear dispersion observed for silicene/Ag(111) originates from the substrate, we first look at the unfolded band structure along cut A for the substrate, which were obtained by projecting the supercell wavefunctions in the spatial window W1 onto the k-points in the BZ of the 1 × 1 Ag(111). The unfolded bands are shown in Fig. 4(c) . One can see that there a few linear-like bands across the Fermi level, which apparently dislike the bands seen by the ARPES measurement (Fig. 3 in Ref. 37) . k-projection calculations were then further performed for the interface states, i.e., wavefunctions in W2 including the silicene and the first layer of Ag(111). The wavefunctions were respectively projected onto the k-points in the BZs of the 1 × 1 silicene and Ag(111), for which the unfolded bands along cut A are shown in Figs. 4(d) and (e). For silicene an M-shaped band right below the Fermi level can be seen, but a V-shape part in the center has higher intensities than the two arms. For the substrate, the situation is opposite. That is, the two arms have higher intensities than the central part. Our results are also consistent with the previous study. 38 We further note that the calculated band structure agrees with the ARPES results ( Fig. 3 in Ref. 37 ) if one superimposes the unfolded band structures for both the silicene (Fig. 4(d) ) and the substrate (Fig. 4(e) ). Likewise, good agreement between our calculations and the experiment can be obtained for cut B. However, one can see from Fig. 4 that they are not Dirac states as claimed by the experiment. Nonetheless, our results are consistent with the ARPES experiment in that these bands are interface states resulting from the interaction between silicene and the substrate.
IV. CONCLUSIONS
In summary, we have presented a technique for unfolding electronic bands of materials. In particular, we have given a scheme of combining the FFT and back FFT for calculating the unfolded band structure for interfaces. This method allows us to effectively study the effects of interfacing by examining the spatial characteristics of the band structure, which is also useful for understanding ARPES results. We then applied the method to three interfaces, gr-2L/SiC(0001), BAs/CrI 3 , and silicene/Ag(111). Our results revealed that the two surfaces of SiC(0001) have different effects on the gr-2L. The Siface has minor effects on the band structure of the gr-2L since its profile is well preserved well and the gap opening at the K point is only about 10 meV. While the C-face induces a gap of about 130 eV at K and shifts the Fermi level to about 300 meV above the gap, that is the gr-2L on the C-face is n-doped. The underlying mechanism is that there is a strong electric dipole in the interface of the gr-2L and the C-face. For the vdW heterostructure BAs/CrI 3 , the magnetic proximity effect can be used to manipulate the spin splitting in BAs. Our results indicate that the splitting can be up to 50 meV depending on how they stack. For silicene/Ag(111), our results are consistent with recent ARPES experiments in that the dispersions like a half Dirac cone on the edge of the first Brillouin zone of Ag(111) results from the interaction between silicene and Ag(111), but demonstrate that they are not Dirac states.
